In this article, we study the deformations of Filippov algebroids. We define a differential graded Lie algebra (in short DGLA) for a Filippov algebroid by introducing the notion of Filippov multiderivations for a vector bundle. Later on, we discuss (n − 1) order deformations of a Filippov algebroid (of order n) in terms of the low-dimensional cohomology associated to this DGLA. In the end, we characterize trivial (n − 1) order deformations using the notion of Nijenhuis operators on Filippov algebroids.
Introduction
The n-ary operations first appeared in the context of cubic matrices, which were introduced by Cayley in the nineteenth century. M. Kapranov, M. Gelfand, A. Zelevinskii, and N.P. Sokolov reconsidered the notion of cubic matrices in their works (see [13, 20] ). The n-ary algebraic structures appeared naturally in various domains of theoretical and mathematical physics. The discovery of the Nambu mechanics ( [17] ) and the work of S. Okubo ([18] ) on Yang-Baxter equations propagated a significant development on n-ary algebras. L. Takhtajan outlined the basic principle of Nambu mechanics by introducing Nambu-Poisson manifold as an n-ary generalization of Poisson manifold in [21] . Later on, several articles (e.g. [1] [2] [3] 8, 9, 11, 12] ) extensively studied Nambu mechanics and Nambu-Poisson manifolds. In [10] , J. Grabowski and G. Marmo discussed the relationship between linear Nambu-Poisson structures and Filippov algebras, and in this process, they introduced an n-ary generalization of Lie algebroid (known as Filippov algebroid of order n).
This paper aims to study deformations of Filippov algebroids. It is wellknown, unlike Lie algebras, geometric structures such as Lie algebroids [4] do not admit adjoint representations (see [6] for more details). Since Lie algebroids are Filippov algebroids of order 2, we cannot expect to have deformation cohomology to control deformations of Filippov algebroids with coefficients in an adjoint representation.
In [4] , M. Crainic and I. Moerdijk introduced the notion of multiderivations of a vector bundle to obtain a differential graded Lie algebra (DGLA) associated to a Lie algebroid. They proved that this DGLA controls the deformations (in the sense of [4] ) of a Lie algebroid.
In this article, we obtain suitable deformation cohomology for the more general case of Filippov algebroid by introducing the notion of Filippov multiderivations for vector bundles and consequently, associating a DGLA to a Filippov algebroid. The cohomology associated to the DGLA mentioned above serves as the deformation cohomology in the present context.
To this end, we describe Filippov algebroid structures on a vector bundle in terms of the graded Lie algebra of Filippov multiderivations on the vector bundle. Consequently, we associate a DGLA to a Filippov algebroid. In the particular case of Filippov algebras, this DGLA is the one that is described in [19] . Moreover, in the particular case of Lie algebroids (any Lie algebroid is a Filippov algebroid of order 2), this DGLA coincides with the one defined in [4] . We discuss 1-parameter deformations (of order (n − 1)) of a Filippov algebroid (order n) in terms of the cohomology associated to the DGLA mentioned above.
In [5] , I. Dorfman introduced and studied Nijenhuis operators on Lie algebras, which play an important role in the study of integrability of nonlinear evolution equations. For the case of Lie algebroids and n-Lie algebras, Nijenhuis operators are studied in [14, 15] . We consider trivial deformations of order (n − 1) of a Filippov algebroid of order n to introduce Nijenhuis operators on Filippov algebroids. Consequently, we show that trivial (n − 1) order deformations can be characterized in terms of Nijenhuis operators. The following is a section-wise description of this paper.
In Section 2, we recall definitions and examples of Filippov algebra and Filippov algebroid. We consider the base field to be R. We also define the notion of O-operator for a Filippov algebroid with a representation on a vector bundle.
In Section 3, we define the notion of Filippov multiderivations of a vector bundle. Later on, we associate a differential graded Lie algebra (DGLA) to a Filippov algebroid. We denote by H * F , the associated cohomology to this DGLA of a Filippov algebroid. In Section 4, we study the deformations of a Filippov algebroid. In particular, we discuss (n − 1) order deformations of a Filippov algebroid of order n in terms of H * F (in low dimensions). At last, we characterize trivial deformations (of order (n − 1)) of a Filippov algebroid (order n) in terms of Nijenhuis operators.
Filippov algebroids
In this section, we recall definitions and examples of Filippov algebras and Filippov algebroids from [7, 10] . which is skew symmetric and satisfies the fundamental identity
The notion of a Filippov algebroid, which is a generalization of Lie algebroids, has been introduced by J. Grabowski and G. Marmo in [10] . · · · ×ΓA → ΓA on the space ΓA of smooth sections of A and a bundle map a : ∧ n−1 A → T M (called the anchor) satisfying the following conditions: (a) For all x 1 , . . . , x n−1 , y 1 , . . . , y n−1 ∈ ΓA,
where the bracket on the left hand side is the usual Lie bracket on vector fields. 
Then we can define a Filippov algebroid structure of order n on the tangent bundle T R m . Here, the n-ary bracket is defined by
and the anchor map is trivial.
Example 2.6. The tangent bundle T R m has a Filippov algebroid structure of order n + 1 for n ≤ m, where the bracket is given by
and the anchor map is defined by the tensor field dx 1 ∧ . . . ∧ dx n ⊗ ∂ ρ(x 1 , . . . , x n−1 , ρ(y 1 , . . . , y n−1 , ξ)) − ρ(y 1 , . . . , y n−1 , ρ(x 1 , . . . , x n−1 , ξ))
ρ(y 1 , . . . , y i−1 , [x 1 , . . . , x n−1 , y i ], y i+1 , . . . , y n−1 , ξ); (2.1)
ρ(x 1 , . . . , x n−2 , [y 1 , . . . , y n−1 , y n ], ξ)) = n i=1 ρ(y 1 , . . . ,ŷ i , . . . , y n , ρ(x 1 , . . . , x n−2 , y i , ξ)); (2.2)
For any 1 ≤ i ≤ n − 1 and f ∈ C ∞ (M ),
Here, x i , y i ∈ ΓA for 1 ≤ i ≤ n − 1 and ξ ∈ ΓE. Also, note that conditions (2.1) and (2.2) implies that ρ is a representation of Filippov algebra (ΓA, [−, . . . , −]) on the vector space ΓE (for details see [14] ).
Let (A, [−, . . . , −], a) be a Filippov algebroid (order n) with a representation ρ on a vector bundle E. Then we get a semidirect product Filippov algebroid (A ⋊ ρ E, [−, . . . , −] ρ , a ρ ) of order n, where (1) the bracket [−, . . . , −] is given by
(2) and the anchor is given by [T ξ 1 , . . . , T ξ n ] = n i=1 (−1) n−i T ρ(T ξ 1 , . . . ,T ξ i , . . . , T ξ n , ξ i ) for all ξ 1 , . . . , ξ n ∈ ΓE. Remark 2.9. For n = 2, the Definition 2.8 coincides with the notion of O-operators on a Lie algebroid (see [15] ).
In the particular case when A is a vector bundle over a point, the Filippov algebroid is simply an n-Lie algebra and Definition 2.8 coincides with Definition 5 in [14] .
Multiderivations on Filippov algebroids of order n
Let A = (A, [−, . . . , −], a) be a Filippov algebroid. The following proposition can be derived from Proposition 2 of [16] .
. . , −], a) be a Filippov algebroid. A derivation of the Filippov algebroid A is a linear map D : ΓA → ΓA, which is a derivation of the underlying vector bundle A as well as a derivation of the n-Lie algebra bracket, i.e.
(2) For all x 1 , · · · , x n ∈ ΓA, we have
We shall denote the set of all derivations of the vector bundle A by Der(A) and the set of all derivations of the Filippov algebroid (A, [−, . . . , −], a) by Der F (A).
such that the following identity holds.
, and z ∈ ΓA. The map σ D is said to be the 'symbol' of the Filippov multiderivation D.
We denote the set of all Filippov multiderivations of the vector bundle A of degree p by Der p (A). By convention, Der 0 (A) := Der(A), and Der −1 (A) := L(A).
3.1.
Graded Lie algebra structure on the space of Multiderivations. Now, we define a bracket on the graded vector space {Der * (A)} * ≥−1 , which makes it a graded Lie algebra. Let Sh(k, q) denotes the set of (k, q)-shuffles in S k+q (the symmetric group on the set {1, · · · , k + q}). Then, we define a circle product D 1 • D 2 ∈ Der p+q (A) for D 1 ∈ Der p (A) and D 2 ∈ Der q (A) as follows: for any permutation σ ∈ Sh(k, q) and for all 0 ≤ k ≤ p − 1, we define
Also, for k = p and σ ∈ Sh(p, q), we define
Then, the circle product D 1 • D 2 ∈ Der p+q (A) for D 1 ∈ Der p (A) and D 2 ∈ Der q (A) is given by the following expression.
Let us denote
• For all X 1 , . . . , X p+q ∈ L(A) and z ∈ A,
Finally, we define a bracket on the space of multiderivations as follows: 
, and z ∈ ΓA. Then by the definition of D 1 • p D 2 , we obtain the following expression.
Here,
Similarly,
where the expressions C and D are given as follows.
Let us observe that the following expressions hold.
(1) (−1) pq A 2 − D 1 = 0, and (2) (−1) pq B 1 − C 2 = 0.
Next, let us consider the following expression
Consequently, by using equations (3.5)-(3.8), we get the following identity for the graded Lie bracket [−, −].
where the map σ [D 1 ,D 2 ] : ⊗ p+q L(A) → χ(M ) is given by the following equation
(3.9)
Here, the notation
for all X 1 , . . . , X p+q ∈ L(A).
for all X 1 , . . . , X p+q ∈ L(A). Therefore, for any D 1 ∈ Der p (A) and
Hence, the space of multiderivation of the vector bundle A is closed under the graded Lie bracket given by the equation (3.4 ).
The following Lemma shows that Filippov algebroids are canonical structures for the graded Lie bracket given by equation (3.4) . 
Therefore, using the canonical structure of Filippov algebroids with respect to the graded Lie bracket given by the equation ( where, C p ad is the space of L-valued p-cochains defined in Section 11.7 of [22] . Next, let us also recall from [22] that the coboundary operator δ : C p ad → C p+1 ad for deformation cohomology of n-Lie algebra is given as follows.
δϕ(X 1 , . . . , X p+1 , z)
for all X 1 , · · · , X p+1 ∈ ∧ n−1 L and z ∈ L. Here,
Now, let us consider the differential δ F in the complex (Der * (L), δ F ). Also, let D be the element in Der 1 (A) induced by the n-Lie bracket. Then for all X 1 , · · · , X p+1 ∈ ∧ n−1 L and z ∈ L, from equation (3.4), we have the following expression.
[X 1 p+1 , . . . , X s−1 p+1 , ψ(X 1 , . . . , X p , X s p+1 ), X s+1 p+1 , . . . , X n−1 p+1 , z] =δψ(X 1 , . . . , X p+1 , z).
Thus, the deformation complex (C * ad , δ) of a Filippov algebra (in [22] ) coincides with the complex (Der * (L), δ F ).
Deformations of Filippov algebroids
In this section, we discuss deformations of Filippov algebroids in terms of Nijenhuis operators on Filippov algebroids and the cohomology in low dimensions.
Let for all y i ∈ ΓA. Moreover, since A is a Filippov algebroid the map ad X : ΓA → ΓA for each X ∈ L(A) is a derivation of Filippov algebroid. We call the set of derivations {ad X : X ∈ L(A)} to be the space of inner derivation of the Filippov algebroid A.
Let us consider a 1-cocycle ψ ∈ Der(A), then δ F (ψ) = [D, ψ] = 0, which implies that ψ is a derivation of the Filippov algebroid A. Let ψ be 1-coboundary, i.e., ψ = δ F (X) = ad X for some X ∈ L(A). Thus, ψ is an inner derivation of the Filippov algebroid A. Therefore, as follows:
. , x n−1 ) for all x 1 , . . . , x n ∈ ΓA. If the t-parametrized family (A, [−, . . . , −] t , a t ) is a Filippov algebroid, then this family is called a 1-parameter deformation (of order n−1) of (A, [−, . . . , −], a) generated by ϕ 1 , · · · , ϕ n−1 ∈ Der 1 (A). (1) δ F (ϕ 1 ) = 0;
[ϕ i , ϕ k−i ] = 0 for all 1 < k < n;
Proof. Since ϕ 1 , . . . , ϕ n−1 ∈ Der 1 (A), we observe that the bracket [−, . . . , −] t and the map a t satisfy the following properties.
(1) [x 1 , . . . , x n−1 , f y] t = f [x 1 , . . . , x n−1 , y] t + a t (x 1 ∧ · · · ∧ x n−1 )(f )y for all f ∈ C ∞ (M ) and x 1 , . . . , x n−1 ∈ ΓA. (2) The map a t : ∧ n−1 A → T M is a vector bundle morphism.
Also, by applying the fundamental identity and the property (1) we can deduce that for all x 1 , . . . , x n−1 , y 1 , . . . , y n−1 ∈ ΓA [a(x 1 ∧ · · · ∧ x n−1 ), a(y 1 ∧ · · · ∧ y n−1 )] = n−1 i=1 a(y 1 ∧ · · · ∧ [x 1 , . . . , x n−1 , y i ] ∧ y i+1 ∧ · · · ∧ y n−1 ), where the bracket on the left hand side is the usual Lie bracket on vector fields. Next, it follows by a straightforward calculation that the bracket [−, . . . , −] t satisfies the fundamental identity if and only if the conditions (1)-(3) hold (see Proposition 1, [14] for details).
Let us denote a deformation (A, [−, . . . , −] t , a t ) of the Filippov algebroid (A, [−, . . . , −], a) by the notation A t . Let us consider deformations A t and A ′ t := (A, [−, . . . , −] ′ t , a ′ t ) of (A, [−, . . . , −], a), generated by ϕ 1 , ϕ 2 , · · · , ϕ n ∈ Der 1 (A), and ϕ ′ 1 , ϕ ′ 2 , · · · , ϕ ′ n ∈ Der 1 (A), respectively. i.e.,
The deformations A t and A ′ t are said to be equivalent if there exist a bundle map N : A → A such that we get a family of Filippov algebroid homomorphisms Φ t := Id + tN :
On comparing the coefficients of t in the equation (4.5), we get
On comparing the coefficients of t k in the equation (4.5) for 1 < k < n, we get the following expression.
On comparing the coefficients of t n in the equation (4.5), we get the following expression.
Also, let us compare coefficients of t l in the equation (4.5) for n + 1 ≤ l ≤ 2n − 1, which yields n k=l−n+1 1≤i 1 <i 2 <...<i k ≤n ϕ ′ l−k (x 1 , . . . , N (x i 1 ), . . . , N (x i 2 ) . . . , N (x i k ) . . . , x n ) = 0. (4.10)
Moreover, on comparing the coefficients of t k in the equation (4.6) for 1 ≤ k ≤ n − 1,
a(x 1 , . . . , N (x i 1 ), . . . , N (x i 2 ) . . . , N (x i k ) . . . , x n−1 )
On comparing the coefficients of t k in the equation (4.6) for n ≤ k ≤ 2n − 2,
. . , N (x i 2 ) . . . , N (x i l ) . . . , x n−1 ) = 0.
(4.12)
Thus, we obtain the following proposition.
Proposition 4.3. Let two (n − 1) order deformations A t and A ′ t of (A, [−, . . . , −], a), generated by ϕ 1 , ϕ 2 , · · · , ϕ n ∈ Der 1 (A) and ϕ ′ 1 , ϕ ′ 2 , · · · , ϕ ′ n ∈ Der 1 (A) be equivalent. Then ϕ 1 and ϕ ′ 1 represent the same cohomology class in H 2 F (A).
Proof. Let us observe that expression (4.7) implies that
Thus, ϕ 1 and ϕ ′ 1 represent the same cohomology class in H 2 F (A). Let A t := (A, [−, . . . , −] t , a t ) be a trivial deformation of Filippov algebroid (A, [−, . . . , −], a) generated by ϕ 1 , ϕ 2 , · · · , ϕ n ∈ Der 1 (A). In other words, using equations (4.7)-(4.12), we obtain that A t is a trivial deformation if and only if the following equations hold.
for any 2 ≤ k ≤ n − 1,
14)
N (ϕ n−1 (x 1 , . . . , x n )) = [N (x 1 ), N (x 2 ) . . . , N (x n )], (4.15) for any 1 ≤ k ≤ n − 1,
a(x 1 , . . . , N (x i 1 ), . . . , N (x i 2 ) . . . , N (x i k ) . . . , x n−1 ). (4.16)
We observe that from equations (4.13) and (4.14) the expression (4.16) hold. Let us define n-ary brackets [−, . . . , −] k N : ∧ n A → A by induction as follows: for k = 1,
We call the vector bundle map N : A → A to be a "Nijenhuis operator" on the Filippov algebroid (A, [−, . . . , −], a) if the following expression holds.
[
Remark 4.5. For n = 2, the above definition coincides with the Nijenhuis operators on a Lie algebroid (see [15] ). Moreover, in the particular case when A is a vector bundle over a point, the Filippov algebroid is simply an n-Lie algebra and the Nijenhuis operator coincides with the definition as in [14] . 
The following theorem characterizes the trivial deformations (of order (n − 1)) of a Filippov algebroid (of order n) in terms of Nijenhuis operators. Proof. First, let us assume that A t is a trivial deformation of (A, [−, . . . , −], a). Then using equations (4.13)-(4.15) and using the notations in the previous discussion, it is clear that we obtain a vector bundle map N : A → A such that [N x 1 , N x 2 , . . . , N x n ] = N [x 1 , x 2 , . . . , x n ] n−1 N . Conversely, let N : A → A be a Nijenhuis operator on (A, [−, . . . , −], a), i.e. equation (4.19) holds. We consider the cochains ϕ 1 , . . . , ϕ n−1 ∈ Der 1 (A) defined by
By a straightforward calculation one can verify that ϕ i satisfies the following identities (for more details see the n-Lie algebra case discussed in Theorem 1, [14] ).
(1) δ F (ϕ 1 ) = 0;
[ϕ i , ϕ k−i ] = 0 for all 1 < k < n; Therefore, by Theorem 4.2 the cochains ϕ 1 , . . . , ϕ n−1 ∈ Der 1 (A) generate a deformation A t of order (n − 1) of the Filippov algebroid.
Next, we show that this deformation is trivial. We consider the map Φ t : A t → A given by Φ t = Id + tN . Then Thus, using the definition of the n-ary brackets [−, . . . , −] i N and the Nijenhuis condition (4.19), we get the following.
Next, we show by induction that the symbol σ ϕ k of 1-cochain ϕ k = [−, . . . , −] k N for all 1 ≤ k ≤ n − 1 is given by Then, we show that the equation (4.20) also holds for k = j. We use the expression (4.18) for k = j to obtain the following identity. a(Φ t (x 1 ), Φ t (x 2 ), . . . , Φ t (x n−1 )) = a t (x 1 , x 2 , . . . , x n−1 ).
Hence, the deformation generated by 1-cochains ϕ 1 , ϕ 2 , . . . , ϕ n−1 is a trivial deformation.
